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HOMOTOPY TYPES OF GAUGE GROUPS OVER HIGH
DIMENSIONAL MANIFOLDS
RUIZHI HUANG
Abstract. The homotopy theory of gauge groups received considerable at-
tentions in the recent decades, in the theme of which, the works mainly focus
on bundles over 4-dimensional manifolds and vary the structure groups case
by case. In this work, we study the homotopy theory of gauge groups over
higher dimensional manifolds with mild restrictions on the structure groups of
principal bundles. In particular, we study gauge groups of bundles over (n−1)-
connected closed 2n-manifolds, the classification of which was determined by
Wall and Freedman. We also investigate the gauge groups of the total spaces
of sphere bundles based on the classical work of James and Whitehead. Fur-
thermore, other types of 2n-manifolds are also considered. In all the cases, we
show various homotopy decompositions of gauge groups. The methods are of
combinations of manifold topology and various techniques in homotopy theory.
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1. Introduction
Let G be a topological group and P be a principal G-bundle over a space X . The
gauge group of P , denoted by G(P ), is the group of G-equivariant automorphisms
of P that fix X . The topology of gauge groups and their classifying spaces plays
a crucial role in mathematical physics and geometry of manifolds, for instance,
Donaldson’s 4-manifold theory [9]. Partly with these motivations, in the recent
decades the homotopy theory of gauge groups have received considerable attentions.
As pointed out by Cohen and Milgram [7], the main question in gauge theory, from
an algebraic topological point of view, is to understand the homotopy type of the
gauge groups and related moduli spaces of connections. One of the amazing results
along this direction, due to Crabb and Sutherland [8], claims that though there may
be infinitely many inequivalent principal G-bundles overX , their gauge groups have
only finitely many distinct homotopy types. The explicit classifications of homotopy
types of gauges groups are investigated particularlly for S4 (see Kono [18], Hasui-
Kishimoto-Kono-Sato [15], Theriault [25], etc), and more generally for 4-manifolds
as well (see Theriault [24] and So [23]). In the theme of the studies about gauge
groups, we can either vary the structure groups G or the base manifolds, which
are the two ingredients of gauge groups. As we can see from the literature, the
studies so far mainly focus on various types of structure groups, while general base
manifolds beyond 4-manifolds got rare attentions.
In this paper, we study the homotopy types of the gauge groups over high di-
mensional manifolds. We are mainly concerned with the manifolds of the following
three types:
Type A: Oriented 2n-dimensional (n− 1)-connected closed manifolds;
Type B: The total spaces of oriented sphere bundles of real vector bundles over
spheres;
Type C: Other highly connected 2n-dimensional oriented closed manifolds.
The idea to study the homotopy type of gauge groups over these manifolds,
due to work of Theriault and So, is to decompose them into smaller and simpler
pieces. It is a classic result that the classification of G-principal bundles over a
compact manifold M can be described as the set of homotopy classes of classifying
maps [M,BG]. Hence we may also denote that the gauge group G(P ) of P with
[P ] = α ∈ [M,BG] by Gα(M) to emphasis the base manifold M . By [13] or [3],
there is homotopy equivalence
(1.1) BGα(M) ≃Mapα(M,BG)
between the classifying space of Gα(M) and the α-component of free mapping space
Map(M,BG). Hence from now on we may not distinguish these two spaces since
we only care about homotopy types. The following proposition then serves as the
starting point of our study:
Proposition 1.1 (Proposition 3.1). LetM be an orientedm-dimensional k-connected
closed manifold, and G be a connected topological group with πi(G) = 0 for
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k ≤ i ≤ m− k − 1. Suppose there exist a CW-complex Y with
[Y,BG] = 0, and a map φ : Y →M
such that Σφ admits a left homotopy inverse. Then there is a homotopy equivalence
Gα(M) ≃ Gα(X)×Map
∗
0(Y,G),
where X is the homotopy cofibre of φ, α ∈ πm−1(G) and Map
∗
0(Y,G) is the 0-
component of the based mapping spaces Map∗(Y,G).
Based on this proposition, our slogan here is,
The homotopy suspension type of base manifold controls the homo-
topy type of gauge groups, and moreover, the wedge decomposition
of suspended manifold leads to the product decomposition of gauge
groups.
We now start to discuss the three mentioned cases respectively. For Type A, the
classification of oriented (n− 1)-connected closed 2n-manifold was studied by Wall
[27]. Let M be such a manifold of rank m, i.e., Hn(M ;Z) ∼= ⊕mi=1(Z). Wall studied
the triple (Hn(M ;Z), IM , βM ) as the combinatorial invariant of M , where IM is
the intersection form
IM : H
n(M)⊗Hn(M)→ Z,
and
βM : H
n(M ;Z)→ πn−1(SO(n))
is a function defined by first taking the realization of co-homological classes of
Hn(M ;Z) as embeddings of n-spheres in M and then by taking the clutching
functions of the normal bundles of the n-spheres in M . In general βM is not a
homomorphism due to the complexity of the intersection form. However, we can
show that the composition map
(1.2) χ : Hn(M)
βM
→ πn−1(SO(n))
J
→ π2n−1(S
n)
Σ
→ πn−1(S)
is a homomorphism, where J is the classical J-homomorphism and S is the sphere
spectrum. This homomorphism χ determines the homotopy structure of ΣM . It is
easy to see that Imχ is a subgroup of ImJ the image of stable J-homomorphism.
Indeed, the famous work of Adams [1] and Quillen [22] determines the image of
the stable J-homomorphism (Theorem 5.1), based on which we can determine the
homotopy classification of ΣM .
Proposition 1.2 (Proposition 5.2). Let M be an oriented 2n-dimensional (n− 1)-
connected closed manifold (n ≥ 3) of rank m. Let e = [ImJ : Imχ] be the index of
the subgroup Imχ in ImJ. Then we have the following homotopy equivalences,
• if n ≡ 3, 5, 6, 7 mod 8,
ΣM ≃ S2n+1 ∨
m∨
i=1
Sn+1;
• if n ≡ 1, 2 mod 8,
ΣM ≃ ΣX1 ∨
m−1∨
i=1
Sn+1,
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where X1 = S
n ∪g e
2n such that Σg ≡ e mod 2. If further we take localiza-
tion away from 2,
ΣM ≃ S2n+1 ∨
m∨
i=1
Sn+1;
• if n = 4s,
ΣM ≃ ΣX2 ∨
m−1∨
i=1
Sn+1,
where X2 = S
n∪g e
2n such that Σg ≡ e mod ds, and ds is the denominator
of Bs/4s and Bs is the s-th Bernoulli number defined by
z
ez − 1
= 1−
1
2
z −
∑
s≥1
Bs
z2s
(2s)!
.
It is then not hard to deduce our first main result on homotopy decomposition
of gauge groups by Proposition 1.1, which can be viewed as generalization of the
corresponding decomposition of Theriault [24] for the case when n = 2.
Theorem 1.3 (Lemma 2.1, Theorem 5.3). Let M be an oriented 2n-dimensional
(n − 1)-connected closed manifold (n ≥ 2) of rank m. Let G be a connected topo-
logical group with πn−1(G) ∼= πn(G) = 0. Let e = [ImJ : Imχ]. Then we have the
following homotopy equivalences for any α ∈ π2n−1(G) ∼= [M,BG]
• if n ≡ 3, 5, 6, 7 mod 8,
Gα(M) ≃ Gα(S
2n)×
m∏
i=1
ΩnG;
• if n ≡ 1, 2 mod 8,
Gα(M) ≃ Gα(X1)×
m−1∏
i=1
ΩnG;
if further we take localization away from 2,
Gα(M) ≃ Gα(S
2n)×
m∏
i=1
ΩnG;
• if n = 4s,
Gα(M) ≃ Gα(X2)×
m−1∏
i=1
ΩnG,
where Xi are described in Proposition 1.2.
We now turn to the case Type B, where we consider the gauge groups over the
total space of a spherical fibration over sphere
Sq
i
−→ E
pi
−→ Sn,
which admits a cross section, i.e., there exists a map s : Sn → E such that π◦s = id.
If further (E, π) is the sphere bundle of some oriented real vector bundle, E is also
a manifold, and has three cells as a CW complex. The homotopy types, or even the
fibrewise homotopy types, of such bundles were classified by James and Whitehead
via constructions through J-homomorphism and (non-exact) EHP -sequence [16].
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The first observation is, due to the existence of cross section, that the clutching
function ζ ∈ πn−1(SO(q+1)) of (E, π) is the image of some class ξ ∈ πn−1(SO(q))
through the natural inclusion i : SO(q) →֒ SO(q + 1). Then it can be showed that
ΣE ≃ Sn+1 ∨ Th(E),
where Th(E) is the Thom space of the bundle and
Th(E) ≃ ΣSq ∪J(ξ) e
q+n.
We then can state our second main result.
Theorem 1.4 (Theorem 6.1, Corollary 6.5). Let Sq
i
−→ E
pi
−→ Sn be the sphere
bundle of an oriented real vector bundle which admits a cross section. Let G be
a connected topological group such that πn−1(G) = 0. Then we have a homotopy
equivalence for any α ∈ [E,BG]
Gα(E) ≃ Gα(S
q ∪J(ξ) e
q+n)× ΩnG.
If further πq−1(G) = 0, and E is reducible, in the sense that the top homology
class in H∗(Th(E);Z) is spherical, then
Gα(E) ≃ Gα(S
q+n)× ΩnG× ΩqG,
when n ≤ 2q − 1.
The second part of the last theorem is proved based on a slightly stronger version
(Lemma 6.4) of a result of James-Whitehead (Theorem 1.11 of [16]), which deals
with the triviality of the sphere bundle.
It is a good place to remark that the conditions on the homotopy groups of the
structure groupsG in our theorems are not strong in the following two senses. First,
we should notice the primary versions of the theorems hold naturally along our
discussions, in which cases, there are particularly many examples of the triviality
of the homotopy groups of Lie groups. Second, even in the integral case there are
such examples, for instance, the E-type exceptional Lie groups E6, E7 and E8,
and the classical Lie groups in stable ranges, as we will see in Example 2.2 and
Subsection 5.4.
In the last case Type C, we actually work with bundles of E-type exceptional Lie
groups. Explicitly, we consider the gauge groups of the E7-bundles over 4-connected
12-manifolds, and also of the E8-bundles over 6-connected 16-manifolds. In these
two case, the equivalent classes of bundles are both classified by Z (Corollary 2.3).
With many homotopy theoretical technique and computations, we can analyse the
homotopy suspension of suchM , and then obtain our last theorem on the homotopy
decompositions of the related gauge groups.
Theorem 1.5 (Lemma 7.1, Theorem 7.6, Corollary 7.7, Theorem 7.10, Corollary
7.11). Let M be an oriented 2n-dimensional (n − 2)-connected closed manifold of
rank m, i.e. Hn−1(M ;Z) ∼= ⊕mi=1Z and H
n(M ;Z) = 0. Then
M ≃
( c∨
i=1
Σn−3CP 2 ∨
m−c∨
j=1
(Sn−1 ∨ Sn+1)
)
∪ e2n
for some nonnegative number c with 0 ≤ c ≤ m and there are homotopy equivalences
6 RUIZHI HUANG
• of E7-gauge groups (when n = 6)
Gk(M) ≃ Gk(Z)×
c−1∏
i=1
Ω3Map∗(CP 2, E7)×
m−c−1∏
i=1
Ω5E7 ×
m−c∏
i=1
Ω7E7,
where Z ≃
(
Σ3CP 2 ∨ S5
)
∪f e
12 for some f ;
• and of E8-gauge groups (when n = 8)
Gk(M) ≃ Gk(Z)×
c−4∏
i=1
Ω5Map∗(CP 2, E8)×
m−c−3∏
i=1
Ω7E8 ×
m−c−1∏
i=1
Ω9E8,
where Z ≃
(∨4
i=1 Σ
5CP 2 ∨
∨3
i=1 S
7 ∨ S9
)
∪g e
16 for some g.
If further we take localization away from 2, then in both cases we have the homotopy
equivalences
Gk(M) ≃ Gk(S
2n)×
m∏
i=1
(Ωn−1Ei × Ω
n+1Ei),
where (n, i) = (6, 7) or (8, 8).
Our paper is organized as follows. In Section 2, we classify principal bundles
over highly connected closed manifolds with structure groups of certain properties.
In Section 3, we prove Proposition 1.1. In Section 4, we consider the homotopy
suspensions of CW -complexes with the same homologies as our Type A manifolds
and their gauge groups. The methods in this section, as suggested by our slogan, is
general and interesting in their own right and will be used in the rest of the paper.
In Section 5, we prove Proposition 1.2 and Theorem 1.3 based on Wall’s work on
(n − 1)-connected 2n-manifolds. We also give some examples in this section. In
Section 6, we prove Theorem 1.4 based on the work of James and Whitehead on
sphere bundles over spheres. In Section 7, we prove Theorem 1.5.
2. Principal bundles over highly connected closed manifolds
In this section, we consider principal bundles over highly connected closed man-
ifolds. Let M be an oriented m-dimensional k-connected closed manifold, and Mi
be its i-th skeleton.
Lemma 2.1. Let G be a connected topological group with πi(G) = 0 for k ≤ i ≤
m− k − 1. Then [M,BG] ∼= πm−1(G).
Proof. The homotopy cofibre sequence
Sm−1
f
→Mm−1 →M → S
m Σf→ ΣMm−1
gives the the following exact sequence
[Mm−1, BG]← [M,BG]← [S
m, BG]
(Σf)∗
← [ΣMm−1, BG].
Since M is k-connected, Mm−1 =Mm−k−1 by Poincare´ duality. Then we see
[Mm−1, BG] ∼= [ΣMm−1, BG] = 0.
Hence the lemmas follows. 
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Example 2.2. Let us collect some homotopy information of the exceptional Lie
groups E6, E7 and E8 ([5, 17]).
πi(E6) = 0 for 4 ≤ i ≤ 8, π9(E6) = Z,
πi(E7) = 0 for 4 ≤ i ≤ 10, π11(E7) = Z,
πi(E8) = 0 for 4 ≤ i ≤ 14, π15(E8) = Z.
Corollary 2.3. Let M be an oriented m-dimensional 4-connected closed manifold.
If
(m,G) = (10, E6), (12, E7) or (16, E8),
then [M,BG] ∼= Z.
3. Homotopy decomposition of gauge groups
In this section we develop a general homotopy decomposition of gauge groups.
Proposition 3.1 (cf. Proposition 2.1 of [24] and Lemma 2.3 of [23]). Let M
be an oriented m-dimensional k-connected closed manifold, and G be a connected
topological group with πi(G) = 0 for k ≤ i ≤ m − k − 1. Suppose there exist a
CW-complex Y with
[Y,BG] = 0, and a map φ : Y →M
such that Σφ admits a left homotopy inverse. Then
ΣM ≃ ΣY ∨ ΣX,
where X is the homotopy cofibre of φ, and there is a homotopy equivalence
Gα(M) ≃ Gα(X)×Map
∗
0(Y,G),
where α ∈ πm−1(G) and Map
∗
0(Y,G) is the component of the based mapping spaces
Map∗(Y,G) containing the basepoint.
Proof. The proof is similar to that of Lemma 2.3 of [23]. The homotopy cofibre
sequence
Y
φ
→M → X → ΣY
Σφ
→ ΣM
gives the the following exact sequence
[Y,BG]← [M,BG]← [X,BG]← [ΣY,BG]
(Σφ)∗
← [ΣM,BG].
By assumption we have [Y,BG] = 0 and (Σφ)∗ is an epimorphism. Hence
[X,BG] ∼= [M,BG] ∼= πm−1(G).
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Then as in [23, 24], we have the following homotopy commutative diagram
∗ ΩMap∗α(M,BG) ΩMap
∗
α(M,BG)
Gα(X) Gα(M) Map
∗
0(ΣY,BG)
Gα(X) G Map
∗
α(X,BG)
∗ Map∗α(M,BG) Map
∗
α(M,BG)
ι
where the rows and columns are homotopy fibre sequence, and the map ι is a right
homotopy inverse. Hence, the fibre sequence in the second row splits and the lemma
follows. 
4. Suspension splitting of complexes and their gauge groups
In this section, we first develop suspension splitting of complex Z withH∗(Z;Z) ∼=
H∗(M ;Z), where M is an oriented 2n-dimensional (n − 1)-connected closed man-
ifold of rank m (m ≥ 2) (i.e., H2(M ;Z) ∼= ⊕
m
i=1Z), and then study the homotopy
decomposition of gauge groups over Z. We consider this general case first rather
than the special one for manifolds, since the method in this section does not de-
pend on the manifold structure, and then may be of some independent interest, in
particular, will be used often in the remaining sections of the paper.
4.1. Suspension splitting of Z. Z admits a cell decomposition
Z ≃
m∨
i=1
Sn ∪f e
2n
with the attaching map f , the homotopy class of which lies in π2n−1(
∨m
i=1 S
n).
Recall that the stable homotopy groups of sphere spectrum S are torsion abelian
groups in positive dimensions and then admit decompositions of the form
πn−1(S) ∼= Z/d1 ⊕ Z/d2 ⊕ · · · ⊕ Z/dr,
such that di|di+1 for 1 ≤ i ≤ r. By the Freudenthal suspension theorem, we have
the surjective suspension morphism
Σ : π2n−1(
m∨
i=1
Sn)։
m⊕
i=1
πn−1(S).
Hence, we may write
f =
m∑
i=1
(ai,1 + ai,2 + . . .+ ai,r) + ω,
where ω is in the kernel of Σ, and Σ(ai,j) lies in the j-th component Z/dj in the
decomposition of the stable homotopy group πn−1(S) of the i-th sphere (of course
the choice of ai,j may be not unique). We may use matrix to represent the homotopy
class
Σf = B, B = (bi,j)m×r, bi,j = Σ(ai,j).
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As in Lemma 2.5 of [23], we can define maps
φa,b :
m∨
i=1
Sni →
m∨
i=1
Sni
with the effect on Sna ∨ S
n
b by the composition
Sna ∨ S
n
b
σ∨id
−→ Sna ∨ S
n
a ∨ S
n
b
id∨∇
−→ Sna ∨ S
n
b
(σ is the comultiplication and ∇ is the folding map), and leaving other factors fixed.
Then there is a homotopy commutative diagram
S2n−1
∨m
i=1 S
n
i Z
S2n−1
∨m
i=1 S
n
i Z
′ ≃ Z,
f
φa,b φ˜a,b≃
f˜a,b
where the rows are cofibre sequences and φ˜a,b is a homotopy equivalence since it
induces isomorphism on homology. It is easy to check that the effect of the map
φa,b on Σf is an elementary row operation on B by adding row b to row a
Σf˜a,b = (I + Eb,a)B
where I is the identity matrix and Eb,a is the matrix with value 1 at (b, a) and
zero elsewhere. Hence, we can perform row-addition transformations on B without
changing the homotopy type of Z.
There are three remarks. First, we should remember the elements of each j-
column of B are from Z/dj ; second, in order to preserve the homotopy type of
M , the column operations are not allowed since in that case the elements un-
der summation lie in the different direct summands; third, the row-multiplying
transformations are not valid generally. However, we can perform row-switching
transformations with one row multiplied by −1:(
1 −1
0 1
)(
1 0
1 1
)(
1 −1
0 1
)(
αa
αb
)
=
(
−αb
αa
)
.
Hence since the row-switching transformations are always allowed, we then can ap-
ply row-addition transformations, row-switching transformations and row-multiplying
transformations by −1 on B without changing the homotopy type of Z.
Lemma 4.1. With above conditions and notations, there is a choice of the attaching
map f for M such that the suspension Σf can be represented by a matrix B of the
form 

e1 ∗ · · · ∗
0 e2 · · · ∗
· · · · · · · · · · · ·
0 0 · · · er
0 0 · · · 0
· · · · · · · · · · · ·
0 0 · · · 0,


or


e1 ∗ · · · ∗ · · · ∗
0 e2 · · · ∗ · · · ∗
· · · · · · · · · · · · · · · ∗
0 0 · · · em · · · ∗


according to r ≤ m or r ≥ m.
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Proof. Since the Euclidean algorithm for the great common divisor of numbers
(a1, . . . , an) can be interpreted as the row-addition transformations on the column
vector (a1, . . . , an)
T , we can use row-addition transformations to transform our
original matrix B of Σf to a new matrix B′1 such that the first column of B
′
1 is of
the form (0, . . . ,±e1, . . . , 0)
T where e1 is the great common divisor of the elements
of the first column of B. Since we can also apply row-switching transformations
and row-multiplying transformations by −1, we can further transform B′1 to B1
with first column (e1, 0, . . . , 0)
T . Repeating the process for the remaining rows and
columns of B1, we can achieve a matrix of the form as in the statement of the
lemma. By our previous discussion, these transformations can be realized without
changing the homotopy type of Z. Hence we have proved the lemma. 
Remark 4.2. For any set S ⊂ Z/d (d 6= 0), we can define the greatest common
divisor of S to be
(4.1)
g.c.d.(S) = min {g.c.d(s1, . . . , sl) | (s1, . . . , sl) nonnegative representative of S}.
In particular, when d = p is a prime, g.c.d.(S) = 1 if there exists a non-zero element
in S and otherwise g.c.d.(S) = 0.
Hence by our argument, the diagonal entries ej of the matrices in Lemma 4.1
can be chosen to be the greatest common divisor of the j-column of B, i.e.,
ej = g.c.d.({bi,j}
m
i=1).
By Lemma 4.1 and its proof, we can easily get the following splitting of ΣZ:
Corollary 4.3. Let Z be a (n − 1)-connected CW -complex (n ≥ 2) with cell
decomposition
Z ≃
m∨
i=1
Sn ∪f e
2n.
Suppose the matrix representation B of Σf has t non-zero columns and t < m.
Then we have the homotopy equivalence
ΣZ ≃ ΣX ∨
m−t∨
i=1
Sn+1,
where X is the cofibre of the inclusion
∨m−t
i=1 S
n →֒ Z.
4.2. Homotopy decomposition of gauge groups over Z. By Proposition 3.1
and Corollary 4.3 we have the following proposition for gauge groups over Z:
Theorem 4.4. Let Z be a (n − 1)-connected CW -complex (n ≥ 2) with cell de-
composition
Z ≃
m∨
i=1
Sn ∪f e
2n.
and the matrix representation B of Σf has t non-zero columns and t < m. Let
G be a connected topological group with πn−1(G) ∼= πn(G) = 0. Then we have a
homotopy equivalence
Gα(Z) ≃ Gα(X)×
m−t∏
i=1
ΩnG,
where α ∈ π2n−1(G) and X is the cofibre of the inclusion
∨m−t
i=1 S
n →֒ Z.
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This theorem of course holds for the manifold M , but we can get much better
results if we take the manifold structure into account as we can see in the next
section.
5. Suspension splitting of highly connected manifolds and their
gauge groups
In this section, M will be an oriented 2n-dimensional (n − 1)-connected closed
manifold of rank m. We will study its suspension splitting based on the manifold
structure and then develop the homotopy decompositions of the associated gauge
groups.
5.1. Recollection of homotopy aspects of (n− 1)-connected 2n-manifolds.
The homeomorphism types and the homotopy types of closed (n − 1)-connected
2n-manifolds are classified by Wall [27] and Freedman [12]. Let us recall some
information we needed here ([27], [10]).
First let us describe some particular aspects of the homotopy structure of M as
follows. By Poincare´ duality, M admits a cell decomposition
M ≃
m∨
i=1
Sn ∪f e
2n.
By a result of Haefliger [14] if n ≥ 3 every homology class z ∈ Hn(M) ∼= ⊕
m
i=1Z
is presentable by an embedding of an oriented n-sphere Sn → M . Then we get
an oriented normal bundle ν of Sn as the tubular neighborhood of Sn in M with
orientation inherited from that of M . This normal bundle ν determines and is
determined by a homotopy class αM (z) = α ∈ πn−1(SO(n)) through clutching
function. Hence we obtain a function
(5.1) β : Hn(M)
piM−→ Hn(M)
αM−→ πn−1(SO(n)),
where πM is the isomorphism given by Poincare´ duality. In general β is not a
homomorphism. In particular, the homology class [Sni ] ∈ Hn(M)
∼= Hn(
∨m
j=1 S
n
j )
(corresponding to the fundamental class of the i-th sphere) determines a homotopy
class αi ∈ πn−1(SO(n)). Now if we denote
(5.2) fi : S
2n−1 f→
m∨
j=1
Snj
qi
→ Sni
to be the projection of the attaching map f onto the i-th component n-sphere,
the homotopy class of fi is indeed the image of αi under the J-homomorphism of
Whitehead [29]
J : πn−1(SO(n))→ π2n−1(S
n).
The information about the images of this J is recollected and studied in Proposition
3 of [10], which is complicated and divided into seven cases. However, since we are
only concerned with the suspension of M , we are in a better situation. Recall that
there is a natural commutative diagram up to sign
πn−1(SO(n)) π2n−1(S
n)
πn−1(SO(n+ 1)) π2n(S
n+1).
J
i∗ Σ
J
(5.3)
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The J-homomorphism in the second row of the diagram is indeed in the stable
range, i.e.,
J : πn−1(SO)→ πn−1(S),
whose image is known due to the famous work of Adams and Quillen.
Theorem 5.1 ([1], [22]).
ImJ =


0 n ≡ 3, 5, 6, 7 mod 8,
Z/2 n ≡ 1, 2 mod 8, n 6= 1, 2,
Z/ds n = 4s,
where ds is the denominator of Bs/4s and Bs is the s-th Bernoulli number defined
by
z
ez − 1
= 1−
1
2
z −
∑
s≥1
Bs
z2s
(2s)!
.
5.2. The homotopy type of the suspension of (n−1)-connected 2n-manifolds.
Now we start to study the homotopy type of ΣM , for which we need to apply the
method in Subsection 4.1 and Lemma 4.1 more carefully, that is, we want to apply
matrix transformations through the function β (5.1) and J .
To that purpose, first recall that for the manifold M we have the intersection
form
IM : H
n(M)⊗Hn(M)→ Z
defined by IM (x⊗ y) = 〈xy, [M ]〉, where [M ] is the fundamental class of M . Then
the function β : Hn(M)→ πn−1(SO(n)) (5.1) satisfies the relations:
HJβ(x) = IM (x⊗ x), x ∈ H
n(M),
(5.4) β(x + y) = β(x) + β(y) + IM (x ⊗ y)∂
′ιn, x, y ∈ H
n(M),
where ιn ∈ πn(S
n) is given by the identity map and ∂′ : πn(S
n)→ πn−1(SO(n)) is
the connecting homomorphism in the long exact sequence of homotopy groups of
the fibration
SO(n)
i
→ SO(n+ 1)→ Sn.
Applying the composition of J-homomorphism and suspension Σ to (5.4), we have
ΣJβ(x + y) = ΣJβ(x) + ΣJβ(y) + IM (x ⊗ y)ΣJ∂
′ιn
= ΣJβ(x) + ΣJβ(y) + IM (x ⊗ y)Σ(−[ιn, ιn])
= ΣJβ(x) + ΣJβ(y),
where we used the fact that −J∂′ = [−, ιn] is a Whitehead product (e.g., see (1.3)
of [16]). This means the composition
(5.5) χ : Hn(M)
β
→ πn−1(SO(n))
J
→ π2n−1(S
n)
Σ
→ πn−1(S)
is a homomorphism. Hence the effects of matrix transformations (of Lemma 4.1)
on ΣM can be understood through χ.
Indeed, by Theorem 5.1 and Diagram (5.3) we have that the image of
χ = ΣJβ = −Ji∗β
is always a cyclic group, i.e., has at most 1 direct summands. We then can choose
a column vector B = {bi}m×1 to represent the suspension of the attaching map
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f : S2n−1 →
∨m
j=1 S
n
j of M as in Section 4 such that bi ∈ Z/d
∼= Im(ΣJ) for some
d. By Lemma 4.1 and Remark 4.2, B can be transformed to a vector of the form
(e, 0, . . . , 0)T
such that e ∈ Z/d and
e = g.c.d.({bi}
m
i=1).
To under the transformations through χ, let us write the attaching map f : S2n−1 →∨m
j=1 S
n
j of M as
f = f1 + · · · fm + ω,
where fi = J(αi) = Jβ([S
n
i ]
∗) (πM ([S
n
i ]
∗) = [Sni ]) is the i-th component (5.1),
(5.2) (and corresponds to the i-the row of B), then
Σ(fa + fb) = χ([S
n
a ]
∗ + [Snb ]
∗)
= χ([Sna ]
∗) + χ([Snb ]
∗)
= Σfa +Σfb,
which means that the effect of an elementary row operation on B by adding row
b to row a (in other word, the map φa,b on Σf ; see Section 4) can be achieved by
addition in Hn(M) ∼= ⊕mi=1Z. Hence, it is easy to see that if e 6= 0
(5.6) e = min+ {Im
(
Hn(M)
χ
→ πn−1(S)
)
},
where min+ should be understood to take the minimum positive representative in
the image. We then get our homotopy classification of ΣM by combining Theorem
5.1 and the above argument.
Proposition 5.2. Let M be an oriented 2n-dimensional (n− 1)-connected closed
manifold (n ≥ 3) of rank m. Let e be defined by (5.6). Then we have the following
homotopy equivalences,
• if n ≡ 3, 5, 6, 7 mod 8,
ΣM ≃ S2n+1 ∨
m∨
i=1
Sn+1;
• if n ≡ 1, 2 mod 8,
ΣM ≃ ΣX1 ∨
m−1∨
i=1
Sn+1,
where X1 = S
n ∪g e
2n such that Σg = e. If further we take localization
away from 2,
ΣM ≃ S2n+1 ∨
m∨
i=1
Sn+1;
• if n = 4s,
ΣM ≃ ΣX2 ∨
m−1∨
i=1
Sn+1,
where X2 = S
n ∪g e
2n such that Σg = e.
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5.3. Homotopy decompositions of gauge groups over (n − 1)-connected
2n-manifolds. For G-principal bundles over M , we see [M,BG] ∼= π2n−1(G) if
πn−1(G) ∼= πn(G) = 0 by Lemma 2.1. Since we have further splittings of ΣM when
M is a manifold by Proposition 5.2, we get the corresponding splittings of gauge
groups by Proposition 3.1 (where the case when n = 2 has already been studied by
Theriault [24]).
Theorem 5.3. Let M be an oriented 2n-dimensional (n − 1)-connected closed
manifold (n ≥ 2) of rank m. Let G be a connected topological group with πn−1(G) ∼=
πn(G) = 0. Let e be defined by (5.6). Then we have the following homotopy
equivalences for any α ∈ π2n−1(G)
• if n ≡ 3, 5, 6, 7 mod 8,
Gα(M) ≃ Gα(S
2n)×
m∏
i=1
ΩnG;
• if n ≡ 1, 2 mod 8,
Gα(M) ≃ Gα(X1)×
m−1∏
i=1
ΩnG,
where X1 = S
n ∪g e
2n such that Σg = e. If further we take localization
away from 2,
Gα(M) ≃ Gα(S
2n)×
m∏
i=1
ΩnG;
• if n = 4s,
Gα(M) ≃ Gα(X2)×
m−1∏
i=1
ΩnG,
where X2 = S
n ∪g e
2n such that Σg = e.
5.4. Examples. Now we specify to some examples for bundles over particular man-
ifolds and structure groups.
5.4.1. Bundles of exceptional Lie groups. We may consider several examples of bun-
dles over exceptional Lie groups, which can be also studied through stable homotopy
groups of spheres directly. Let us collect some information of homotopy groups of
spheres ([26]):
π9(S
5) ∼= Z/2, π11(S
6) ∼= Z, π15(S
8) ∼= Z⊕ Z/120,
π4(S) = π5(S) = 0, π7(S) ∼= Z/240,
where Σ : π15(S
8) ։ π7(S) send the generator σ8 ∈ Z (the third Hopf invariant
1 map) to the generator σ ∈ Z/240, and the generator in Z/120 to 2σ. Com-
bining these information with Theorem 4.4, Corollary 2.3 and the information on
homotopy groups of E6, E7 and E8, we can get the homotopy decompositions of
associated gauge groups.
Proposition 5.4. Let M be an oriented 2n-dimensional (n− 1)-connected closed
manifold of rank m. We have
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• when n = 5, G = E6,
Gk(M) ≃ Gk(S
10)×
m∏
i=1
Ω5E6;
• when n = 6, G = E7,
Gk(M) ≃ Gk(S
12)×
m∏
i=1
Ω6E7;
• when n = 8, G = E8,
Gk(M) ≃ Gk(S
16)×
m∏
i=1
Ω8E8
if Σf is null-homotopic, and
Gk(M) ≃ Gk(Xα)×
m−1∏
i=1
Ω8E8
if Σf is not null-homotopic. In the latter case, Xα is 2-cell complex with
one 8-cell and one 16-cell with the attaching map α ∈ π15(S
8).
In the third case of Proposition 5.4, the attaching map α of Xα is determined
by the original f and the matrix transformations of Σf . By Theorem 5.3, we see
that
ΣXα ≃ S
9 ∪e S
16,
where e = min+ {Im
(
H8(M)
χ
→ Z/240
)
}.
If further M is almost parallelizable, i.e., M minus a point x M − {x} is paral-
lelizable, then the mod 2 Steenrod module structure on H∗(M ;Z/2) is trivial due
to the triviality of Stiefel-Whitney class ofM by the famous Wu formula ([31], page
132 of [20]). Hence we have the following homotopy decomposition in this special
case since Sq8 detects σ:
Proposition 5.5. Let M be an oriented 7-connected almost parallelizable closed
16-manifold of rank m. Then for the gauge group of the E8-bundle over M cor-
responding to k ∈ [M,BE8], we have the homotopy equivalence after localization
away from 15
Gk(M) ≃ Gk(S
16)×
m∏
i=1
Ω8E8.
5.4.2. Stable Sp-bundles. Recall the Bott periodicity for symplectic groups for q −
1 ≤ 4r:
q mod 8 0 1 2 3 4 5 6 7
πq(Sp(r)) 0 0 0 Z Z/2 Z/2 0 Z
.
Proposition 5.6. Let M be an oriented (16n+4)-dimensional (8n+1)-connected
closed manifold of rank m. We have for the Sp(r)-bundle corresponding to k ∈
[M,BSp(r)] ∼= Z (8n+ 1 ≤ 2r)
Gk(M) ≃ Gk(X)×
m−1∏
i=1
Ω8n+2Sp,
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where X1 = S
8n+2 ∪g e
16n+4 such that Σg = e (defined by (5.6)). If further we
take localization away from 2,
Gk(M) ≃ Gk(S
16n+4)×
m∏
i=1
Ω8n+2G.
5.4.3. Stable Spin-bundles. Recall the Bott periodicity for Spin groups for r ≥
q + 2 ≥ 4:
q mod 8 0 1 2 3 4 5 6 7
πq(Spin(r)) Z/2 Z/2 0 Z 0 0 0 Z
.
Proposition 5.7. LetM be an oriented (4n+1)-connected closed (8n+4)-manifold
of rank m. For the Spin(r)-bundle corresponding to k ∈ [M,BSpin(r)] ∼= Z (r ≥
8n+ 5), we have the homotopy equivalence localized away from 2
Gk(M) ≃ Gk(S
8n+4)×
m∏
i=1
Ω4n+2G.
6. Sphere bundles over spheres and their gauge groups
In this section, we consider the gauge groups over the total space of a spherical
fibration over sphere
Sq
i
−→ E
pi
−→ Sn,
which admits a cross section, i.e., there exists a map s : Sn → E such that π◦s = id.
E can be a manifold under reasonable assumptions, so the material in this section
fits into the discussions of the gauge groups over 2n-manifolds.
By some standard argument, we know that E is a 3-cells CW -complex with one
q-cell, one n-cell and one (q + n)-cell. For this purpose, as before we need to study
the homotopy structure of ΣE and then apply Proposition 3.1 to get the desired
results.
6.1. Suspension splittings of sphere bundles over sphere with a section.
Let us suppose n, q ≥ 2. Then we have a homotopy commutative diagram
Sq En S
n
Sq E Sn,
j
s
pi
s
(6.1)
where the first row is the cofibration for the n-th skeleton En of E, and the section
s factors through the injection j by the cellular approximation. Hence, we have the
homotopy equivalence
En ≃ S
q ∨ Sn,
and
E ≃ (Sq ∨ Sn) ∪h e
q+n.
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We then also have another homotopy commutative diagram of cofibrations
∗ Sn Sn
Sq+n−1 Sq ∨ Sn E
Sq+n−1 Sq X,
s
h
q
pi
η
(6.2)
which defines η to be the one of component of h, and the complex X to be the
cofibre of η. Since ΣE is a co-H-space, we see that the suspension of the last
column of Diagram (6.2) splits, i.e.,
(6.3) ΣE ≃ Sn+1 ∨ ΣX.
On the other hand, we can also get the suspension splitting of ΣE by Thom complex.
Recall that for the spherical bundle (E, π), the Thom complex Th(E) of (E, π) is
just the cofibre of π and we have the cofibre sequence
E
pi
→ Sn → Th(E)
g
→ ΣE
Σpi
→ Sn+1.
Since Σπ ◦ Σs ≃ id, we then obtain
(6.4) ΣE ≃ Sn+1 ∨ Th(E).
There are connections between ΣX and Th(E). Indeed, by the above arguments
we have the composition map
Sn+1 ∨Th(E)
Σs∨g
→ ΣE
µ′
→ ΣE ∨ ΣE
Σpi∨Σq
→ Sn+1 ∨ ΣX,
which is a homotopy equivalence and can be represented by a matrix of the form(
1 ∗
0 A
)
.
Hence the matrix A, which represents the map Th(E)
g
→ ΣE
Σq
→ ΣX , is invertible,
and then
(6.5) Th(E) ≃ ΣX.
6.2. Sphere bundle of plane bundles over sphere. Now let us suppose E is
the sphere bundle of a oriented vector bundle over R. In this case, the arguments
above still holds and we can get better description, that is, we can desuspend the
homotopy equivalence (6.5). Also we may notice that we do need the restriction
on q and n if we use Thom complex to study ΣE. The material in this subsection
mainly follows the work of James and Whitehead on spheres bundles over spheres
[16].
Indeed, as the sphere bundle of an (q + 1)-plane bundle, E is determined by a
clutching function
ζ ∈ πn−1(SO(q + 1)),
and (Milnor; Proposition 29 of [11])
(6.6) Th(E) ≃ Sq+1 ∪J(ζ) e
q+n+1,
where J : πn−1(SO(q + 1)) → πn+q(S
q+1) is the J-homomorphism. Further, the
clutching function α is the image of the class of identity under ∂ : πn(S
n) →
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πn−1(SO(q + 1)), which is the connecting homomorphism of the principal bundle
of E (or of the corresponding vector bundle)
SO(q + 1)→ P (E)→ Sn.
Then by the following commutative diagram of the homotopy groups of three fi-
brations (∂ = 0 since π ◦ s = 1)
πn(S
n) πn(S
n)
πn−1(SO(q)) πn−1(SO(q + 1)) πn−1(S
q)
πn−1(P (E)) πn−1(E),
∂ ∂=0
i∗
i∗
there exists some ξ ∈ πn−1(SO(q)) such that i∗(ξ) = ζ. Hence by (6.6) and Diagram
(5.3), we have
Th(E) ≃ Sq+1 ∪Ji∗(ξ) e
q+n+1
≃ Sq+1 ∪ΣJ(ξ) e
q+n+1
≃ ΣSq ∪J(ξ) e
q+n.
Indeed by the discussion of Section 3 of [16], we actually can choose η in Diagram
(6.2) to be J(ξ) and then
(6.7) X ≃ Sq ∪J(ξ) e
q+n.
6.3. Homotopy decomposition of gauge groups of sphere bundles. Now it
is easy to prove the following homotopy equivalences of the gauge groups over E:
Theorem 6.1. Let E be the total space of a spherical fibration over sphere
Sq
i
−→ E
pi
−→ Sn,
which admits a cross section. Let G be a connected topological group such that
πn−1(G) = 0. Then if n and q ≥ 2 we have a homotopy equivalence for any
α ∈ [E,BG]
Gα(E) ≃ Gα(X)× Ω
nG,
where X ≃ Sq ∪η e
q+n as defined by Diagram 6.2.
If further E is a sphere bundle of an oriented (q+1)-plane bundle, then the above
homotopy equivalence holds for n and q ≥ 1 and η can be chosen to be J(ξ), where
ξ ∈ πn−1(SO(q)) such that i∗(ξ) = ζ ∈ πn−1(SO(q + 1)), and ζ is the clutching
function of the bundle.
Proof. Since E admits a cross section, it is easy to check that
[E,BG] ∼= [X,BG]⊕ [Sn, BG],
and hence [E,BG] ∼= [X,BG] by assumption. The rest of the proof is then similar to
that of Proposition 3.1 based on our discussions on the homotopy type of ΣM . 
We can obtain further decompositions of gauge groups if we investigate the
homotopy of sphere bundles in more details. Recall that for any oriented (q + 1)-
plane bundle V over a connected closed manifold B
(6.8) Rq+1 → V → B,
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there is a Thom isomorphism
∪u : H∗(B;Z)→ H∗+q+1(Th(V );Z),
by taking the cup product with the Thom class u ∈ Hq+1(Th(V );Z) (Here we
use Th(−) to denote the Thom complex of both the vector bundle and its sphere
bundle).
Definition 6.2. • The bundle V is called co-reducible if u ∈ Hq+1(Th(V );Z)
is co-spherical, i.e., there exists map λ : Th(V )→ Sq+1 such that λ∗([Sq+1]) =
u;
• The bundle V is called reducible if the top homology class in H∗(Th(V );Z)
is spherical, i.e., there exists map ρ : Sq+n+1 → Th(V ) such that ρ∗([S
q+n+1])
is the top class.
Remark 6.3 ([19], [2]). • Normal bundles, i.e., the normal bundles of smooth
embeddings of a closed oriented manifolds (the existence of which is guar-
anteed by the Whitney embedding theorem), are reducible (also see Propo-
sition 36 of [11]);
• Co-reducible bundles are stably fibre homotopically trivial (cf. Lemma 6.4
or Theorem 1.11 of [16]);
• If B = Sn, then reducibility of V is equivalent to the co-reducibility of V ,
and is equivalent to the homotopy splitting of the Thom complex Th(V ) ≃
Sq+1 ∨ Sq+n+1, or equivalently, J(ζ) = 0 where ζ is the clutching function
of V (also see Proposition 35 of [11]).
Let us denote E = S(V ) to be the total space of the sphere bundle of V (6.8)
Sq → E → B,
and specify to the case when B = Sn. In [16], James and Whitehead have theo-
retically classified the homotopy type of sphere bundles of oriented vector bundles
over spheres with cross sections. Moreover, they showed a sufficient condition for
when E ≃ Sq × Sn without the assumption of the existence of a cross section.
Lemma 6.4 (Theorem 1.11 of [16]). Let V be the oriented reducible Rq+1-bundle
over Sn as in (6.8). Suppose n ≤ 2q − 1, then
E = S(V ) ≃ Sq × Sn.
Proof. The proof here is due to the work of James and Whitehead, but partly
differs from theirs since we do not apply their classification theorem. We try to
organize the details of the proof since many of which are classic and interesting,
and we should also notice that the statement of the lemma is a little stronger than
the theorem of James and Whitehead.
The first step is to prove that the sphere bundle
(6.9) Sq
i
−→ E
pi
−→ Sn,
of V admits a cross section, which is equivalent to prove that for the standard
principal bundle
SO(q)
i
−→ SO(q + 1)
p
−→ Sq,
p∗(ζ) = 0, where ζ ∈ πn−1(SO(q+ 1)) is the clutching function of V (which means
i∗(ξ) = ζ for some ξ ∈ πn−1(SO(q)) and then V is indeed a fibre bundle of SO(n)).
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For this purpose, we recall a result of G. W. Whitehead (Theorem 5.1 of [28]) which
claims that for f : Sn−1 × Sm → Sq (n+m ≤ 3q − 1) with restriction map
(α, β) : Sn−1 ∨ Sm →֒ Sn−1 × Sm → Sq
(called the type of f),
(6.10) H ◦ F (f) ≃ (−1)q+1(α ∗ β),
where F (f) is the Hopf construction of f , H is the Hopf invariant and α ∗ β is the
join of the involved maps. In another word, there exists a homotopy commutative
diagram up to the sign (−1)q+1
πn−1(S
q)⊕ πm(S
q) πn+m(S
2q+1)
[Sn−1 × Sm, Sq] πn+m(S
q+1).
∗
F
H
Since ζ ∈ πn−1(SO(q+1)) determines a map ζ˜ : S
n−1×Sq → Sq of type (p∗(ζ), ιq),
then by Whitehead’s definition of J-homomorphism we have
H ◦ J(ζ) ≃ H ◦ F (ζ˜) ≃ (−1)q+1(p∗(ζ) ∗ ιq),
if n ≤ 2q − 1. By assumption J(ζ) = 0, we then have
Eq+1p∗(ζ) ≃ p∗(ζ) ∗ ιq = 0,
which implies p∗(ζ) = 0 by Freudenthal suspension theorem. Hence we complete
the first step that the sphere bundle (6.9) admits a section, and then as before there
exists a homotopy equivalence
E ≃ (Sq ∨ Sn) ∪h e
q+n.
The next step is to show that the fibre inclusion i of (6.9) admits a left homotopy
inverse, for which we need to show that
η : Sq+n−1 → Sq ∨ Sn → Sq
is null homotopic. We have a commutative diagram
πq+n−1(S
q) πq+n−1(E) πq+n−1(S
n)
πq+n−1(S
q) πq+n−1(S
q ∨ Sn),
i∗
j1
pi∗
j2
where the first row is a short exact sequence since the bundle (6.9) admits a cross
section. Then i∗(η) = j2 ◦ j1(η) = j2(h) = 0 implies that η = 0. Hence we can form
the homotopy commutative diagram
Sq+n−1
Sq Sq ∨ Sn Sq
E
h
η=0
i r
to define the map r such that r◦i ≃ id since the second column is a cofibre sequence.
The second step is then completed.
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Now the lemma follows by applying Whitehead theorem to the following map
(r, π) : E −→ Sq × Sn.

Since for product space we have Σ(Sq ×Sn) ≃ Sq+1 ∨Sn+1 ∨Sq+n+1, we imme-
diately obtain the following corollary by applying Proposition 3.1:
Corollary 6.5. Let E be the sphere bundle of an oriented reducible Rq+1-bundle
over Sn. Let G be a connected topological group such that πq−1(G) = πn−1(G) = 0.
Suppose n ≤ 2q − 1, then we have a homotopy equivalence for any α ∈ [E,BG]
Gα(E) ≃ Gα(S
q+n)× ΩnG× ΩqG.
Remark 6.6. The results in this section can be easily generalized to primary cases,
where there are a lot of examples such that the assumptions on G can be satisfied,
i.e., πq−1(G) = πn−1(G) = 0.
7. Homotopy decompositions of E-Gauge groups over
(n− 2)-connected 2n-manifolds
In this section, we turn to study the gauge groups over other types of oriented
closed 2n-manifolds in the spirit of Section 4. We only consider principal bundles of
three exceptional Lie groups. The material in this section heavily relies on various
computational techniques in unstable homotopy theory.
7.1. Homotopy types of suspended (n−2)-connected 2n-manifolds. In this
subsection, we consider some types of oriented closed 2n-manifolds (n ≥ 4) which
admit cell decomposition of the form
(7.1) M ≃
m∨
i=1
Sn−1 ∪ en+1(1) ∪ e
n+1
(2) . . . ∪ e
n+1
(m) ∪ e
2n.
First, by the method in Section 4 or Lemma 2.5 of [23], we can determine the
homotopy type of (n+ 1)-th skeleton of M through the cofibre sequence
m∨
i=1
Snj
f
→
m∨
i=1
Sn−1i →Mn+1.
Since πn(
∨
Sn−1) ∼=
⊕
Z/2, the homotopy type of Mn+1 is determined by an
(m×m) matrix C = (ci,j) over the field Z/2 where ci,j represent the component of
the attaching map from Snj to S
n−1
i . As in Section 4, performing row-addition trans-
formations will not change the homotopy type of Mn+1. Also, the row-multiplying
transformations are valid since we work over Z/2. Hence, we can do all row opera-
tions. Indeed we can also apply column operations.
Lemma 7.1. Under above assumptions let rank(C) = c. Then
Mn+1 ≃
c∨
i=1
Σn−3CP 2 ∨
m−c∨
j=1
(Sn−1 ∨ Sn+1).
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Proof. For any nonsingular matrices P and Q ∈ Mm×m(Z/2), we can construct
maps to fill in the following commutative diagram
∨m
j=1 S
n
∨m
i=1 S
n−1 Mn+1
∨m
j=1 S
n
∨m
i=1 S
n−1 M ′n+1 ≃Mn+1,
Q
C
P φ≃
PCQ−1
where either row is a cofibre sequence, and the homotopy equivalence is obtained by
applying five lemma on the associated long exact sequences of homologies. Hence,
we can choose P and Q such that PCQ−1 is a diagonal matrix of rank rank(C).
Since πn(S
n−1) = 〈ηn−1〉 is generated by the first Hopf map, the cofibre of ηn−1 is
homotopy equivalent to Σn−3CP 2 and then the lemma follows. 
Since we want to study the homotopy of gauge groups through Proposition 3.1,
we need to study the homotopy type of ΣM , which is determined by the top
attaching map in the image of
Σ : π2n−1(Mn+1) ∼= π2n−1
( c∨
i=1
Σn−3CP 2 ∨
m−c∨
j=1
(Sn−1 ∨ Sn+1)
)
∼=
c⊕
i=1
π2n−1(Σ
n−3
CP 2)⊕
m−c⊕
i=1
π2n−1(S
n−1)⊕
m−c⊕
i=1
π2n−1(S
n+1)⊕W
−→
c⊕
i=1
π2n(Σ
n−2
CP 2)⊕
m−c⊕
i=1
π2n(S
n)⊕
m−c⊕
i=1
π2n(S
n+2) →֒ π2n(ΣMn+1).
7.2. Homotopy decompositions of E7-Gauge groups over 4-connected 12-
manifolds. In this subsection, we let n = 6 and consider the E7-principal bundles
over M (7.1). In order to study the suspension of the top attaching map of M , we
need to compute the homotopy groups of suspended complex projective plane. We
start with a decomposition lemma.
Lemma 7.2. There is a homotopy decomposition
S6 ∧ CP 2 ∧ CP 2 ≃ S12 ∨ Σ6Z,
where sk7(Z) ≃ Σ
2CP 2 and Z is determined by a cofibre sequence
HP 2 → Z → S6.
Proof. The proof follows Lemma 3.10 of [30] where Wu constructed a cofibre se-
quence
S6
f
→ CP 2 ∧ CP 2 → Z
such that H6(f) sends the generator ι6 ofH6(S
6) to one of the generators uv−vu in
H6(CP
2∧CP 2) (denote H¯∗(CP
2) = {u, v} and |u| = 2, |v| = 4; see also Proposition
2.1 of [6]). He then proceeded to show the indicated structure of Z in the lemma
and got a 2-local homotopy equivalence
CP 2 ∧ CP 2 ∧CP 2 ≃ Σ6CP 2 ∨ Σ6CP 2 ∨HP 2 ∧ CP 2.
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From this we can define maps in the following homotopy commutative diagram
CP 2 ∧ CP 2 ∧ S6 CP 2 ∧CP 2 ∧ S6
g : S6 ∧CP 2 ∧ CP 2 CP 2 ∧ CP 2 ∧ CP 2 ∧CP 2 S6 ∧ CP 2 ∧CP 2.
id∧id∧f
id
σ(1,2,3)
f∧id∧id
It is easy to check that ImH¯∗(g) = {ι6(uv − vu)}. Hence
hocolim(S6 ∧ CP 2 ∧CP 2
g
→ S6 ∧ CP 2 ∧ CP 2
g
→ · · · ) ≃ S12,
and the composition map
S6 ∧ S6
f∧f
→ hocolimg(S
6 ∧CP 2 ∧ CP 2)
g
→ S12
is homotopic to identity. Hence, the cofibre sequence
S12 → S6 ∧ CP 2 ∧CP 2 → Z
splits and the lemma follows. 
The following EHP -sequence is a powerful tool for the computations of homo-
topy groups:
Lemma 7.3 (Theorem 12.2.2 of [29]). Let W be an (n−1)-connected space. There
is a long exact sequence
π3n−2(W )→ π3n−1(ΣW )→ π3n−1(ΣW ∧W )→ · · ·
· · · → πq(W )
E
→ πq+1(ΣW )
H
→ πq+1(ΣW ∧W )
P
→ πq−1(W )→ · · ·
We now can get the homotopy information of the top attaching map that we
need for the homotopy of gauge groups.
Lemma 7.4. Σ : π11(Σ
3CP 2)→ π12(Σ
4CP 2) ∼= Z/2 is an epimorphism.
Proof. By Lemma 7.3 and Lemma 7.2 we have exact sequence
π11(Σ
3
CP 2)
E
→ π12(Σ
4
CP 2)
H
→ π12(S
13 ∧Σ9CP 2) ∼= π12(Σ
9
CP 2).
On the other hand, in Proposition 8.1 and Proposition 10.5 of [21] Mukai showed
that π12(Σ
9CP 2) = 0 and
π12(Σ
4
CP 2) = {i∗ν
2
6}
∼= Z/2
(by using Lemma 7.8), where π12(S
6) = {ν26}
∼= Z/2 and i is the injection of the
bottom cell. Hence the lemma follows. 
Using the methods in Section 4, and combining Lemma 7.1, Lemma 7.4 and the
facts that [26]
π12(S
8) = 0, π12(S
6) ∼= Z/2,
we can easily get a homotopy decomposition of ΣM .
Lemma 7.5. Let M be a 12-dimensional manifold with cell decomposition of the
form
M ≃
m∨
i=1
S5 ∪ e7(1) ∪ e
7
(2) . . . ∪ e
7
(m) ∪f e
12.
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Then there exists a nonnegative number c with 0 ≤ c ≤ m such that
ΣM ≃ ΣZ ∨
c−1∨
i=1
Σ4CP 2 ∨
m−c−1∨
i=1
S6 ∨
m−c∨
i=1
S8,
where Z ≃
(
Σ3CP 2 ∨ S5
)
∪f e
12 for some f .
For the E7-principal bundles over M , we have [M,BE7] ∼= Z by Corollary 2.3.
Then by applying Proposition 3.1 for m = 12 and k = 4, Lemma 7.1 and Lemma
7.5, we have the homotopy decomposition of the associated gauge groups in the
following theorem:
Theorem 7.6. Let M be an oriented 12-dimensional 4-connected closed manifold
of rank m, i.e. H5(M ;Z) ∼= ⊕mi=1Z and H
6(M ;Z) = 0. Then
M ≃
( c∨
i=1
Σ3CP 2 ∨
m−c∨
j=1
(S5 ∨ S7)
)
∪ e12
for some nonnegative number c with 0 ≤ c ≤ m and there are homotopy equivalences
of E7-gauge groups
Gk(M) ≃ Gk(Z)×
c−1∏
i=1
Ω3Map∗(CP 2, E7)×
m−c−1∏
i=1
Ω5E7 ×
m−c∏
i=1
Ω7E7,
where Z ≃
(
Σ3CP 2 ∨ S5
)
∪f e
12 for some f . Moreover,
• if Σf ∈ π12(Σ
4CP 2), then
Gk(M) ≃ Gk(Z
′)×
c−1∏
i=1
Ω3Map∗(CP 2, E7)×
m−c∏
i=1
Ω5E7 ×
m−c∏
i=1
Ω7E7,
where Z ′ ≃ Σ3CP 2 ∪ e12;
• if Σf ∈ π12(S
6), then
Gk(M) ≃ Gk(Z
′′)×
c∏
i=1
Ω3Map∗(CP 2, E7)×
m−c−1∏
i=1
Ω5E7 ×
m−c∏
i=1
Ω7E7,
where Z ′′ ≃ S5 ∪ e12;
• if Σf in null homotopic, then
Gk(M) ≃ Gk(S
12)×
c∏
i=1
Ω3Map∗(CP 2, E7)×
m−c∏
i=1
(Ω5E7 × Ω
7E7).
Corollary 7.7. Let M be the manifold in Theorem 7.6. Then after localization
away from 2 we have the homotopy equivalence
Gk(M) ≃ Gk(S
12)×
m∏
i=1
(Ω5E7 × Ω
7E7).
7.3. Homotopy decompositions of E8-Gauge groups over 6-connected 16-
manifolds. In this subsection, we let n = 8 and consider the E8-principal bundles
over M (7.1). The methods is similar to that in the last subsection, and we start
with the homotopy structure of ΣM , for which we need the following version of the
Blakers-Massey theorem [4]:
HOMOTOPY TYPES OF GAUGE GROUPS OVER HIGH DIMENSIONAL MANIFOLDS 25
Lemma 7.8. Given a diagram
F
A X Y
ig
f
where the second row is a cofibre sequence, F is the homotopy fibre of f , A is k-
connected and i is m-connected (i.e., π∗(i) is an isomorphism when ∗ < m and an
epimorphism when ∗ = m), then the induced map g : A→ F is (k +m)-connected,
and we have a long exact sequence of homotopy groups
πk+m(A)→ πk+m(X)→ πk+m(Y )→ πk+m−1(A)→ · · · → πk+1(X)→ πk+1(Y )→ 0.
At this time it is much harder to get the homotopy information of the top
attaching map. However since we only need the number of summands of some
involved homotopy groups, we are satisfied with the following incomplete result:
Lemma 7.9. The homomorphism Σ : π15(Σ
5CP 2) → π16(Σ
6CP 2) is surjective
and π16(Σ
6CP 2) can only be one of the following:
Z/2⊕ Z/4,Z/2⊕ Z/2⊕ Z/2,Z/2⊕ Z/2⊕ Z/4,Z/2⊕ Z/2⊕ Z/2⊕ Z/2.
Proof. The proof is similar to that of Lemma 7.4 but a little more complicated. By
Lemma 7.3, Lemma 7.2 and Proposition 8.1 of [21], we have exact sequence
π15(Σ
5
CP 2)
E
→ π16(Σ
6
CP 2)
H
→ π16(S
17 ∧ Σ13CP 2) ∼= π16(Σ
13
CP 2) = 0.
We are left to compute π16(Σ
6CP 2). We will use the information and notations
of homotopy groups of spheres by Toda [26] frequently. Consider the homotopy
commutative diagram
S17
ΩS10 Z Σ6CP 2 S10
S9 S8
j q
η9
E i
where Z is a two cell complex as the 25-skeleton of the homotopy fibre of q, and
the second column is a cofibre sequence. Then the middle row is a fibre sequence
up to degree 25 by expecting the Serre spectral sequence for the map q, and the
second column is a fibre sequence up to degree 23 by Lemma 7.8. Hence we get a
commutative diagram of homotopy groups
π16(S
17) ∼= 0 π15(S
8)
π17(S
10) π16(Z) π16(Σ
6CP 2) π16(S
10) π15(Z) π15(Σ
6CP 2)
π16(S
9) π16(S
8)
π17(S
17) ∼= Z .
∼=
∼=
i∗
j∗ 0 ∼=
Σ ∼=
η8∗
i∗
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where the second row and the second column are exact, and the upper right triangle
is isomorphism since by Proposition 11.2 of [21]
i∗ : π15(S
8) = {iσ8, iΣσ
′} ∼= Z⊕ Z/120→ π15(Σ
6
CP 2)
is an isomorphism. Further by Toda’s computation [26] we have
πk+7(S
k) = {σk} ∼= Z/240, k ≥ 9, π16(S
10) = {ν210}
∼= Z/2,
π16(S
8) = {σ8η15} ⊕ {Σσ
′η15} ⊕ {ν¯8} ⊕ {ǫ8} ∼= Z/2⊕ Z/2⊕ Z/2⊕ Z/2,
and
η7σ8 = σ
′η14 + ν¯7 + ǫ7.
Now let us consider the second column of the above diagram
Z
h
→ Z/2⊕ Z/2⊕ Z/2⊕ Z/2→ π16(Z)→ 0.
If h = 0, then π16(Z) ∼= π16(S
8) and we have a short exact sequence
Z/2⊕ Z/2⊕ Z/2→ π16(Σ
6
CP 2)→ Z/2.
Otherwise, h has image isomorphic to Z/2, and π16(Z) ∼= Z/2⊕Z/2⊕Z/2. Hence,
Ker(j∗) can be either Z/2 or trivial, and we have a short exact sequence
Z/2⊕ Z/2⊕ (0 or Z/2)→ π16(Σ
6
CP 2)→ Z/2.
Combining the information above we have proved the lemma. 
Theorem 7.10. Let M be an oriented 16-dimensional 6-connected closed manifold
of rank m, i.e. H7(M ;Z) ∼= ⊕mi=1Z and H
8(M ;Z) = 0. Then
M ≃
( c∨
i=1
Σ5CP 2 ∨
m−c∨
j=1
(S7 ∨ S9)
)
∪ e16
for some nonnegative number c with 0 ≤ c ≤ m and there are homotopy equivalences
of E8-gauge groups
Gk(M) ≃ Gk(Z)×
c−4∏
i=1
Ω5Map∗(CP 2, E8)×
m−c−3∏
i=1
Ω7E8 ×
m−c−1∏
i=1
Ω9E8,
where Z ≃
(∨4
i=1 Σ
5CP 2 ∨
∨3
i=1 S
7 ∨ S9
)
∪f e
16 for some f .
• If Σf ∈ π16(
∨3
i=1Σ
6CP 2), then
Gk(M) ≃ Gk(Z
′)×
c−4∏
i=1
Ω5Map∗(CP 2, E8)×
m−c∏
i=1
Ω7E8 ×
m−c∏
i=1
Ω9E8,
where Z ′ ≃
(∨4
i=1 Σ
5CP 2
)
∪ e16.
• If Σf ∈ π16(
∨3
i=1 S
8), then
Gk(M) ≃ Gk(Z
′′)×
c∏
i=1
Ω5Map∗(CP 2, E8)×
m−c−3∏
i=1
Ω7E8 ×
m−c∏
i=1
Ω9E8,
where Z ′′ ≃
(∨3
i=1 S
7
)
∪ e16.
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• If Σf ∈ π16(S
10), then
Gk(M) ≃ Gk(Z
′′′)×
c∏
i=1
Ω5Map∗(CP 2, E8)×
m−c∏
i=1
Ω7E8 ×
m−c−1∏
i=1
Ω9E8,
where Z ′′′ ≃ S9 ∪ e16.
• If Σf is null homotopic, then
Gk(M) ≃ Gk(S
16)×
c∏
i=1
Ω5Map∗(CP 2, E8)×
m−c∏
i=1
(Ω7E8 × Ω
9E8).
Proof. The proof is similar to that of Proposition 5.4 and Theorem 7.6. The first
statement is a special case of Lemma 7.1. By Corollary 2.3 we also have [M,BE8] ∼=
Z.
Using the methods in Section 4, and combining Lemma 7.9 and the facts [26]
Σ : ⊕3i=1Z/2
∼= π15(S
7) →֒ π16(S
8), Σ : π15(S
9)
∼=
→ π16(S
10) ∼= Z/2,
we can get a homotopy decomposition of ΣM
ΣM ≃ ΣZ ∨
c−4∨
i=1
Σ6CP 2 ∨
m−c−3∨
i=1
S8 ∨
m−c−1∨
i=1
S9,
where Z ≃
(∨4
i=1 Σ
5CP 2 ∨
∨3
i=1 S
7 ∨ S9
)
∪f e
16 for some f . Then by applying
Proposition 3.1, we can obtain the homotopy decompositions of the gauge groups
in the theorem. 
Corollary 7.11. Let M be the manifold in Theorem 7.10. Then after localization
away from 2 we have the homotopy equivalence
Gk(M) ≃ Gk(S
16)×
m∏
i=1
(Ω7E8 × Ω
9E8).
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